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Abstract 
Based on Muskhelishvili's integral equation and the Schwarz-Christoffel integral, a numerical procedure is developed 
for solving the stress fields on plates with emphasis on the region around crack tips. The difficulties in the numerical 
determination f accessory parameters in the Schwarz~Christoffel transformation are overcome by separating the improper 
integral into two parts: a finite form of integral in a continuous region which can be integrated exactly; and, a definite 
integral free of singularity which can easily be computed numerically, Furthermore, the difficulties in the numerical 
computation of the kernel function in the boundary integral equation are resolved by finding the limit of the kernel 
function as the source point approaches the field point. Some numerical results of plane-stress problems are provided to 
demonstrate he accuracy of this approach. 
Keywords: Schwarz-Christoffel transformation; Singular integral equation 
1. Introduction 
The mathematical theory of plane elasticity had been elaborately developed by Muskhelishvili 
[10] in the 1940s. The idea behind Muskhelishvili's theory is that the stress fields, ax(x, y), ay(X, y) 
and rxy(X, y), in the z-plane (physical domain) are expressed in terms of two analytic functions, say 
~b(z) and ~(z). The function ~b(z) is obtained from the solution of a boundary integral equation 
of ~(~) = ~b(z(~)) over the boundary & of the standard omain in the ~-plane, typically, a unit 
disk or a half-plane. Of course, the mapping function z(~) mapping the standard omain onto the 
physical domain should be known beforehand. Once the integral equation is solved for 4~(~), the 
other analytic function 7~(~) = ff(z(~)) can be determined by a straightforward computation. 
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Before the popularity of the Finite Element Method, this theory was intensively studied with a 
series expansion method such as [2-4]. As quoted in [5], "Muskhelishvili's method perhaps provides 
the simplest and most rigorous method for solving crack problems and for analyzing the singular 
behaviour of the solution". 
From computational point of view, there are two major difficulties associated with Muskhelishvili's 
method: 
• Finding a mapping function z(() which is able to accurately map an arbitrarily physical domain 
onto a standard omain, especially for those domains having comers on the boundary; and, 
• Computation of the kernel and loading functions involved in the complex boundary integral equa- 
tion. 
To cope with the numerical difficulties associated with Muskhelishvili integral equation, the Schwarz- 
Christoffel Transformation [3, 4, 6, 12, 13] is employed in this research for accurately transforming 
the standard omain onto a physical domain and a novel numerical scheme is developed for com- 
puting the kernel and loading functions. 
The main results described in this paper were reported at [14]. Our intention in publishing this 
paper is to reach wider audience and also to provide details of our derivation. 
2. Basic equations 
From theories of plane elasticity and functions of a complex variable, two analytic functions, 
~b(z) and ~,(z), in the physical domain (z-plane), can be used to express tress components of the 
plane-stress problem with no body forces: 
ax + ay = 4 Re{~b'(z)}, ay - ax + 2iZxy = 2[~?~b"(z) + ~b'(z)]. (1) 
If traction components, Xn and Y,, are prescribed on the boundary s of the physical domain, the 
relationship shown in Eq. (2) can be established on the boundary s. 
4(z)  + z + ~b(z) = f ( s )  on s (2) 
where 
f ( s )  = f l ( s )  + ifz(s) = i / (X ,  + iY,) ds. 
J S  
Suppose that the problem is defined in the physical domain R~ surrounded by the boundary Sz in 
the z-plane, and a mapping function z = z(~) maps a standard omain R~ with the boundary s¢ in 
the (-plane to the physical domain in the z-plane, then we have 
• = 4 , (z )  = : = 
dc~ _ d~ / dz _ q)'(~) 
Accordingly, in the standard omain, Eq. (2) takes the form 
~'(~') 
• (~) + z(~)--;~--:=~. + ~(~) = F(~) on s t 
z'(~) 
(3) 
(4) 
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where 
F(C) = FI(&) + iF2(&) = f l(sz(&)) + i f  2(Sz(&)). 
With the aid of Cauchy's integral formula, the boundary integral expression shown in Eq. (5) can 
be easily derived. 
~(C) + ~1 frl=l z(C0)Co -- z(C)C ~'(CO)z,(Co~ dCo + kz(C) = A(~) - ~v(0) for C E s¢, (5) 
where 
1 fl~ FI(~°) + iF2(Co) dCo 
A(C)  = ~i  ]=1 C0 -- 
and the constant k is given by 
k = ~'(0) 
z'(0) 
To reduce the number of unknowns in Eq. (5), we may further define an auxiliary function T(~) 
such that 
T(C) = ~(~) + kz(C). (6) 
Substituting Eq. (6) into Eq. (5) and differentiating with respect o C leads to 
1 ill K(C,~o)T'(Co)dCo=A'(C), (7) T'(C) + ~ i  i =, 
where 
K(~, Co) = 
z(Co)  - z (C)  - (~o - ~)z ' (~)  ] 
(Co - ~)2 z ' (~o) '  
1 fr  d{ F(C°) "~ d~°" A'(~):~ ~:,~ Go-CJ 
Notice that there are two improper integrals in Eq. (7), one is the integral of the kernel function 
and the other is the loading function (the right-hand side of the equation). 
2.1. Discretization of the &tegral equation 
Discretizing the boundary of the unit disk into N elements, integral equation, Eq. (7), may be 
approximated by 
N 
2~ziT'({) + ~ f l  K(C, Co)T'(Co)dCo = 27riA'(C). 
k=l 
(8) 
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If the quadratic element is used to approximate the unknown function T'(~) in each element, its 
expression in element k reads 
3 
T'(ei°) = Z Nj(t(O))T2(k_ 1)+j, (9) 
j= l  
where 
Nl ( t (O) )  = -½t(1  - t) ,  N2(t(O))  = (1 - t2), U3(t(O))  = ½t(1 + t )  
and nondimensional parameter t is defined as 
o-o,} 
t= I, Ok+l-Ok -1 .  
The discretized equation is then written in the form 
N 3 
2~ziT/' + ~ { X-" ~(k)-~-7 / • ' i~___l"i,j * 2(k-l)+j f = 2giAi, (10) 
k=l j=  
where 
/-/i(d k') = fox-+, K( ei°', e i°° )Nj(t(Oo)) iei°° d0o. (111 
J 0a 
Alternatively, we can also write 
N 
2rfiT/' + ~ Gi,jT-Tj = 21tiA~, (12) 
j= l  
where 
GiA = g O) g (N) 
i,l ~ i,3 
Gi,2j ~--- H~J2 ) for j = 1,2,...N, (13) 
Gi,2j+l - - - -  H(J+l)i, l -~- I-I(J)i,3 for j = 1,2, ...N. 
Separating Eq. (12) into real and imaginary parts gives 
2N 2N 
G R 'R ~ G~,jTjl= -2rtA'~, i,jTj - 2rtTi 'l + 
j=l j=l (14) 
2N 2N 
2rcT;R + ~ G!,,j.T(Rj - ~ -i, GRj-,T'I= 2rtA;R . . . .  for i=  1,2, ,2N. 
j= l  j : l  
These two set of linear equations are used to solve for ~ = Tj R + i~( I, j = 17 2, 3,..., 2N. 
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2.2. Determination of  constant k and complex function ~P(~) 
Differentiating Eq. (6) with respect o ~ and substituting ( = 0 leads to 
T'(0) = @'(0) +kz'(O). 
But, from Eq. (5), we also have 
(15) 
@'(O)=kz'(O). (16) 
Accordingly, it is clear that 
T'(0) ~'(0) 
- -  + k = k + k = a real number. 
z'(O) z'(O) 
Therefore, once T'((o(O)) is solved, T'(0) can be simply obtained from Cauchy's formula: 
(17) 
m ! 
1 f l  r F dffo_ 1 fir Z(~0) ~(~9),~r q'(~) = 5-~ i=l ~o----~ ~ i  I=, z'(~o)" ~o~ u~o. 
2.3. Numerical treatment of  the kernel function 
If the field point e i0 approaches the source point e i°°, the kemel function, K(~, G0) becomes infinity 
which causes the numerical difficulty in the computation of the kernel function. 
To overcome this difficulty, we can expand the mapping function z(Oo) with respect o the field 
po int  e i° by Taylor series. As a result, the numerator of the kernel function takes the form, 
z(Oo) -- z(O) -- (e i0° -- ei°)z'(O) = i i0o -5(e -- eiO)2z"(O) + l(ei°o _ eiO)3z"'(O) +. . . .  
Substituting Eq. (20) into Eq. (11) gives 
;{ 6 } H!k) 1 ,, = - e )z i + . . .  --t,j ao~ -2 zi + (ei°° iO- tit x N,(( ~_,j,t,Oo,,ieiOo d0o (21) z'(Oo) 
which implies that as Oo ~ 0 the limit of the integrand is given by 
1 ,,Nj(t(O)). io 
~z i ~ ,e .  (22) 
Since the limit of the integrand is finite as 00 0, there would be no difficulties in computing H (k) ---+ " ' i j  • 
(20) 
(19) 
The constant k will be given from Eq. (17) and the complex function @'(() will be determined 
from Eq. (6). 
The other complex function ~(~) can then be easily computed from the following formula which 
is also derived from the boundary condition, Eq. (4), 
1 fr T'(~o) d~o. (18) r ' (o )=~ I=, ¢ -- 
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2.4. Numerical computation of  the loadin9 function A'(~) 
The loading function, A'(~) is given by 
'J,. ' i .  d o. A'(~)=~ I=, d~t~o-~J  ~ I:, (~- - -7)  2 
If the function F(~0) and its derivatives are differentiable on the boundary of the unit disk, there will 
be no problem to calculate the integral numerically in Eq. (23). But, in general, the complex function 
F(~0) is dependent on the traction boundary condition which may not be continuous on the boundary 
of the unit disk, as in the case where concentrated loads are acting at some points on the boundary 
of the physical domain. Consequently, the computation of A'(~) is not quite straightforward. In our 
numerical scheme, the linear shape functions are adopted to approximate the function F(~0). The 
advantage of this approach is that the integral in Eq. (23) can be carried out analytically and the 
discontinuities of function F(~o) can be reasonably treated. 
Assuming that the boundary of the unit disk is discretized into N elements, then, the approximation 
of Eq. (23) is written as 
1 ~f~oJ+, F(~0)d~0. (24) 
A'(~) -- ~ j:l ~o, (Co - ()2 
In the element j, the function F(~0) is expressed in the form 
F(~o(O)) = Nj(O)F 7 + Nj+,(O)Fj+,, (25) 
where the shape functions Nj and Nj+l are 
0-0j 0-0j 
Nj(O) = 1 0j+l - 0j' Nj+,(O) -- Oj+, - Oj" 
Since the real variable 0 has a direct relationship with the complex variable ~0 
1 
0-- _ In ~0, (26) 
1 
the shape functions can be expressed in terms of the complex variable (0 for the purpose of inte- 
gration. 
, (  1 ) 
Nj(~o)- 0~+,- 0~ 0~+~-_1 Into , 
1 (~ ln~o_0~) .  (27) 
N~+I(~O)- 0j+l- 0~ 
Substituting Eq. (27) into Eq. (24) and carrying out the integral, we finally arrive at 
, , 
1 f j+,  - f~ [.l._ _~z 
, Oj+l - oj L~ j -~ 
1 
In ~j+l 
~j+l -- 
1 (in (CJ- C)CJ+')I), (28) 
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where 
~j = el°', ~j+l = e iO'+'- (29) 
3. Validation of the numerical scheme 
An infinite plate with an elliptical hole is used to validate our numerical scheme. The integral 
equation for the exterior problem is very similar to that for the interior problem. In fact, the difference 
is only the sign of the first term, 
1/,r -Tt(() q- ~i  I =1K((, (0)T'((0) d(0 --- A'((). (30) 
The mapping function which maps a unit disk to an ellipse is given by 
In our numerical computation, F(~) is taken to be 
FC 
- U (32)  
Applying Cauchy's integral, the analytical solution of this problem can be easily obtained in the 
form, 
FC 
T'(~)----- ~ .  (33) 
The numerical solution of the discretized integral equation for this problem is shown in Fig. 1. It 
indicates an excellent agreement with the exact solution. Twenty elements are used in the compu- 
tation. The maximum absolute rror is in the order of l0 -4. Of course, if the number of elements 
is increased, the maximum error will be even smaller. 
4. Schwarz-Christoffel transformation 
To solve the plain-stress problem for the polygonal plate, the Schwarz-Christoffel transformation 
is adopted in our numerical scheme to find the mapping function. 
Consider the Schwarz-Christoffel integral, 
/o ~ N Z ---- C1 H(~ - aj) ~'-1 d~ + C2 
j= l  
(34) 
which maps the upper half of the (-plane to the interior of a polygon in the z-plane. There are total 
2N + 2 parameters: cxt, ~2 . . . . .  aN, a l ,a2 , . . . ,aN ,  Cl and (72, where al ,  a2 , . . . ,aN  are points on the real 
axis whose images are to be vertices of the polygon and the inequality relations, 
al < a:, < . . .  < aN-1 < aN (35) 
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Fig. 1. Numerical solution and exact solution for r = 3, c = 0.99. 
are taken as the constraints of  the system. The parameters, cqn, e2n,...,eNn denote interior angles 
of  the polygon with N vertices. Among 2N + 2 parameters, el, e2, . . . ,  eN are given by the prescribed 
polygon, and parameters, al,a2,...,aN, C1, C2 are unknowns to be determined. Vertices of  the poly- 
gon on the z-plane and their corresponding mapped points along the real axis on the ~-plane satisfy 
the following relation: 
f0 
at N 
2k=C 1 l - I ( ( -a j )~ ' - td (+C2 for k = 1,2, . . . ,N.  (36) 
j= l  
Let d2~z,+, represent the side length between vertices, zk and zk+~, then 
dz~z~.+, = ( -1  io=k+'(~'°-- l ) Ik,  (37) 
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where 
fa 
ak+l N 
Ik = I I ( (  - aj) ~'-' d(. 
j=l 
Apparently, the complex constants, C 1 and C2, are the coefficients of a linear transformation. The 
changes in values of C~ and C2 do not affect the shape of the polygon. The basic expression of the 
Schwarz-Christoffel transformation is then written in the form 
N 
z* = fo l - I ( (  - aJ) ~'-' d~ (38) 
j=l 
which is the kernel of the transformation. If the parameters a~,a2 . . . .  , aN in Eq. (38) are determined 
in terms of length ratios and interior angles of the given polygon, the mapping function from the 
upper-half plane to the prescribed polygon can be simply accomplished by a linear transforma- 
tion, 
z = C1 z* + C2, (39) 
where C~ and C2 are determined by substituting the coordinates of any two vertices of the polygon 
into Eq. (39). 
Denoting the length ratio of all sides with respect o dz,z~+, as 21,22,... ,2N-~, then it follows 
that 
dz 'z2  - •1, dz2z3 __  22, . . . ,~ /_1 ,  2/+1 . . . . ,  dz.,._,z, - -  2N_ I .  (40) 
dz~., dz~+, dz~zt+l 
The selection of dz,z,+, is related to the choice of three pre-assigned parameters. According to Rie- 
mann's mapping theorem, three parameters on the real axis of the (-plane can be arbitrarily chosen 
in order to achieve a unique solution of the system. The remaining parameters are determined by 
this choice and the given conditions. For example, we may fix the relations between the z-plane 
and the (-plane as follows, if l is chosen to be 1: 
• al = -1  is mapped to z/, 
• a2 = 1 corresponds to zt+l, and 
• aN = 4 is mapped to Zu. 
Eq. (40) gives a system of N -  3 nonlinear equations with N-  3 unknowns, al, a2 . . . .  ,al- l ,at+2,. . . ,  
aN- l ,  which can be solved by Newton-Raphson Method (see [9] for a detailed procedure). 
4.1. Numerical computation o f  the improper integrals 
The integral in Eq. (37) and their derivatives with respect o ai, for i = 1,2,..., l -  1, l + 2,... ,N, 
(see Eq. (41)), which are used in the determination f the Jacobian matrix in the Newton-Raphson 
iteration, contain singularities at the endpoints of the integrating path. 
(~ai --  ~3ai H ((  - aJ y''-I d~ . 
j=l 
(41) 
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Based on the Kantorovich method [11], we can avoid direct singular integrations by separating the 
improper integral into two parts. The procedure is as follows: 
Defining 
Z(~) = (~ - al )~,-l(~ _ a2)a2-1 . . .  (~ _ ak)~-l(ak+l _ ~)~k+l-1.. .  (aN -- ~)aN-1, 
q~(~) = (~ - al )~,-1(~ _ a2),2-1. . .  (~ _ ak-x )~-'- l (ak+l -- ~),k+,- l . . .  (aN - -  ~)~x-1, 
~(~) = (~ - al )~'-1(~ _ a2)~2-1... (~ _ a~)~-l(ak+ 2 _ ~),~+~-l... (aN - -  ~).N--l, (42) 
X(~) = ¢(ak)(~ - ak) ~-1 + ~b'(ak)(~ - ak) ~, 
Y(~) -- ~(ak+l )(ak+l - ~)~k+,-1 + ~'(ak+l )(ak+l -- ~)~+', 
then, Ik can be decomposed into two integrals, 
Ik = I~ 1) + I~ 2), (43) 
where 
Ik (1) f [ " '  = [Z(¢) - X(¢) - Y(~)] d~, 
Ik(2) f l  ~'' = [X(~) + Y(~)] d~ 
¢'(ak)~ qS(kk)(ak+la _ ak) ÷ ~.ak+l  -- ak) a~+l 
k 
+ ~(ak+l )(ak+l -- ak) ~k+' ~'(ak+l ) .  ak)~+,+l" 
It is obvious that the first integral, I~ 1), is singularity-free (see Appendix) and the second integral, 
i~2), is carried out analytically. 
On the basis of  numerical integration of  Ik, dlk/da~ in Eq. (41) is determined by fitting five points 
at the vicinity of  ai with the cubic spline such that: 
ai - 2h < ai - h < a, < ai + h < ai + 2h, (44) 
where h is the length of a segment. In the computation, h -- 0.0001 is used. 
Once the accessory parameters a~, for j = 1,2 . . . . .  N, have been determined, the complex constants 
C1 and (72 in Eq. (34) can be computed easily by substituting two vertices, for example, z~ and zk+~ 
of the polygon and its corresponding point, ak and ak+~, at the ~-plane into the Schwarz-Christoffel 
formula. 
Zk+ 1 -- Zk [a~ N 
C1 L ' Cz = C~jo 1 - I (~-a~)  ~'-' d~-zk ,  (45) 
j=l 
where 
fO a~N fO a1'+lN L ---- I I  (~ - aj)~'-' d~ - 1-I (~ - aj)~'-' d~. 
j=l j=l 
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After the explicit formula of Schwarz-Christoffel transformation is obtained, the computation of 
forward mapping becomes straightforward from Eq. (34). 
4.2. Mapping a polygon onto a unit disk with z(0) = 0 
As known, the Schwarz-Christoffel integral is applied to transform a polygon onto the upper-half 
plane. The integral equation for plane elasticity derived in the previous section is only applied to 
the transformation from a polygon to a unit disk with z(0) = 0 if z = z([~) is the mapping function 
which maps the unit disk to the polygon. Therefore, an intermediate transformation which maps the 
upper-half plane to a unit disk has to be brought into our numerical computation. 
The mapping function which maps a unit disk in the &plane to the upper-half cl-plane is simply 
given by 
(46) 
Substituting c2 = 0 into Eq. (46) gives [r = i. It means that the origin (0,O) of the unit disk maps 
to (0,l) in the cl-plane. But the image of (0,l) in the cl-plane is not necessarily the origin of the 
polygon in the z-plane. Consequently, the intermediate mapping must be modified. 
The procedure for modifying the intermediate mapping is as follows: 
1. Computing the image of z = 0 in the cl-plane i.e. finding cl = a + ib from 
(47) 
Notice that this is a nonlinear integral equation. Applying Newton-Raphson’s method, the following 
iteration can be established, 
where i, N 
F(i,) = Cl m (Cl - ajY-'dil + C2, 0 j=l 
F’(i, ) = fi(;l - aj)“-l. 
j=l 
2. Modifying the intermediate transformation to be 
cl-a-i .l - (2 
b 1 +L’ 
(48) 
(49) 
From Eq. (49), it is easily seen that the origin of the unit disk is, mapped to a + ib in the [r-plane 
and a + ib in the ir-plane is, in turn, mapped to the origin of the z-plane by Schwarz-Christoffel 
transformation. 
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X,-, = O.08e - dy 
Y, = -O.08b + cy 
-0.08 
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Yn = ax + 0.16b 
Y 
0.16 
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x .  
Y. 
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x. 
Y. 
-0 .16  
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: az  
X.  : normal  tract ion 
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a=4, b=O,c=O,d= 1
Yn = -ax  + 0.16b 
Fig. 2. Rectangular plate with an edge crack. 
4.3. Rectangular plate with an edge crack 
A rectangular plate with an edge crack from a point, (x = 0.04, y = 0), to the boundary, (x = 
0.08, y = 0), subject o linear traction boundary conditions is shown in Fig. 2. The constants, a, b, 
c and d, are taken to be 4, 0, 0 and 1, respectively. The mapping of the interior of a unit disk to 
the rectangle is illustrated in Fig. 3. The traction boundary conditions are depicted in Fig. 4. The 
numerical solution of ~(z(s(O))) = (ax + Cry)~4 vs 0 obtained from the numerical computation is
shown in Fig. 5. 
5. Conclusion and remarks 
Based on Muskhelishvili's theory and the Schwarz-Christoffel transformation, a novel numerical 
procedure for solving the plane elasticity problem has been successfully developed. 
The novelties of our numerical scheme are that: 
• A new singularity-free and accurate algorithm has been developed to compute the Schwarz- 
Christoffel integral; 
• The singular behavior of the Kernel function in Muskhelishvili's integral equation is totally re- 
moved for accelerating the numerical computation; and, 
• A simple and efficient algorithm is developed for computation of the loading function (which is 
on the right-hand side of the integral equation) with emphasis on the treatment of discontinuities 
of the loading function. 
From numerical experiments, our numerical scheme indicates that 
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Fig. 3. Mapping of rectangle with an edge crack. 
• if the unknown function has to be approximated by polynomial shape functions, such as the 
complex integral equation involved in the plane elasticity, the numerical scheme gives excellent 
results except at or near comer points, due to the fact that the solution near the comer points 
changes too rapidly to be simulated by ordinary polynomial shape functions. In other words, the 
singular behavior of the solution cannot be simulated by regular functions used in the Boundary 
Element Method. 
In order to cope with singular behavior of the solution, the most promising method could be the 
so-called singularity extracting technique which has been successfully applied to solve the Laplace 
equation with mixed boundary condition by Haas and Brauchli [12,13]. (Notice that their method 
is also based on the Schwarz42hristoffel transformation.) In their approach, the solution is sepa- 
rated into two parts, one is the singular part which can be extracted and analytically integrated 
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Fig. 4. Traction boundary conditions. 
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up to a certain order, and the other part - the regular part which does not possess any singu- 
lar behavior - can be solved very accurately by the Boundary Element Method or Fast Fourier 
Transform. 
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Appendix 
Let us investigate the behavior of  I~ 1) when ~ approaches ak and ak+l, respectively. 
1. When ~ ~ ak, the integrand of I~ 1) is written as follows: 
lim [Z(~) -  X (~) -  Y(~)] 
_~----*ak 
= l im {~b(~)(~- ak) ~k-1 - -~) (ak) (~- -a~)  '-~ -- q~'(ak)(~-- ak) ~ } 
--I//(ak+l )(ak+l -- ak) ~'+'-1 - -  0 t (ak+l  )(ak+l - ak) ~*+' 
= lim [ ~__(O-- ~b(a,)~ _ l imdp ' (ak) (~-  a , )  ~* -  tP(a ,+,) (ak+l -  ak) ~*+'-1 
--O'(ak+l)(ak+l -- ak) ~'+' 
= lim ~b'(~) - lim ~)'(ak)(~ - ak) ~' - O(ak+l)(ak+l - ak )  ~÷' -1  
e-a, (1 - 0ck)(~ - ak) -~" ¢~a, 
- - I~ ' (ak+l  ) (ak+l  - -  ak )  "+' 
1 l )~b ' (a , ) (ak -ok)  ~ ' -  [IP(ak+l)(ak+,- a,)~'+'-' + ~b' (a ,+, ) (a ,+, -ak)  ~'+'] 
-- (1 -~k 
= --[~l(ak+l)(ak+ 1 - -ak )  e~+'-I --~-i[/(ak+l)(ak+ 1 - -  ak )~+' ] .  
2. When ~ ~ ak+l, the integrand of Ik (l) is written as follows: 
lim [Z(~) - X(~) - Y(~)] 
= l im {~l(~)(ak+l--~)~'+'-I--O(ak+l)(ak+l--~)~'+'-l--Ot(ak+|)(ak+,--~)~'+' } 
~--+Ok+ I 
- ~b(ak)(ak+l - - ak ) : ' -  1 _ qS'(ak)(ak+l -- ak ):k 
(50) 
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= l im { IP (~) - - tP (ak+' )} - -  l im cy(ak+, ) (ak+l - -~)  ~+, 
~-~a~+, (ak+l -- () l -~+, ~--ak+, 
-~b(a~)(ak+l - ak) ~-1 - d?'(ak)(ak+, -- ak) ~ 
= lim i f ' ( ( )  -- lim ~P'(a~+l)(ak+l- ~)~"' 
--C~(ak )(ak+, -- a, ) ~- l  -- cy(a,  )(a,+, -- ak ) ~' 
: ,  (1 - . . . .  - -  ~k+l  
: 1 (51) 
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